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Abstract 

We construct a full strong exceptional collection consisting of line bundles on any 
two-dimensional smooth toric weak Fano stack. The total endomorphism algebra of 
the resulting collection is isomorphic to the path algebra of a quiver with relations 
associated with a dimer model and a perfect matching on it. 

1 Introduction 

A dimer model is a bicolored graph on a real 2-torus which encodes the information of a 
quiver with relations. The main result of |IU] states that for any smooth quasi-projective 
toric Calabi-Yau 3-fold M, there is a dimer model G such that 

• the moduli space M. e of ^-stable representations of the quiver Y with relations 
associated with G of dimension vector (1, . . . , 1) is isomorphic to M if we choose a 
suitable stability parameter 9, and 

• the direct sum V = @ v C v of the tautological bundles is a tilting object whose 
endomorphism algebra is isomorphic to the path algebra CT of the quiver Y with 
relations. 

This gives a description of the derived category of coherent sheaves on any smooth toric 
Calabi-Yau 3-fold in terms of a quiver with relations; 

D b cohM = D b modCr. 

The same result can also be obtained by combining the existence of an isoradial dimer 
model by Gulotta [Gul08] . the Calabi-Yau property of an isoradial dimer model by Broom- 
head [Bro] (cf. also |MR101 iDavl lBo"cbl IIUTD] ) and the Calabi-Yau trick by Bridgeland, 
King and Reid jBKROlj (cf. also |vdB04j b 

The aim of this paper is to give a similar description for the derived category of 
coherent sheaves on a two-dimensional smooth toric weak Fano stack. Here, a smooth 
toric Deligne-Mumford stack with the trivial generic stabilizer is said to be a weak Fano 
stack if the anti-canonical bundle is nef and big. Let X be such a stack and A"x be the 
total space of its canonical bundle. Then a projective crepant resolution of the coarse 
moduli space of A"x is a smooth toric Calabi-Yau 3-fold M, and one has an equivalence 

$ : D b cohM -»■ D b cohK x 
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of derived categories. The image $(V) of the tilting object on M is a tilting object on 
ii"x) which gives a generator on X by the derived restriction to the zero-section. 

The basic strategy is to find a suitable equivalence <3> so that the resulting generator 
on X will be not only an object of the derived category but a direct sum of line bundles. 
Then its restriction to the zero section will be a tilting object. To be more precise, we 
first construct line bundles before choosing a derived equivalence as follows: 

1. We start with the moduli space Aig with an arbitrary generic stability parameter 
6, which may not be lying over the coarse moduli space of K^. This will enable us 
to use an arbitrary central perfect matching to describe the quiver with relations 
that is derived equivalent to X in Theorem 17.21 

2. Let C v be the line bundle on obtained as the proper transform of C v on M.q 
and put V = Q) v C v . Then one has an isomorphism 



3. The acyclicity 



of V implies that of V. 



End(V) = End(V) = CV. 
Ext fc (V,V) = 0, k ^0 



4. Now one can use the Calabi-Yau trick [BKROll lvdB04l IBK04] to show that V is a 
tilting object. 

5. The restriction £ of V to the zero-section is a tilting object on X, which is a direct 
sum of line bundles. 

6. The endomorphism algebra of £ is the quotient of the endomorphism algebra of V 
by the ideal consisting of elements vanishing on the zero section. The isomorphism 
End(V) = End(V) gives a description of this ideal in terms of a perfect matching 
on the dimer model. 

This gives a proof of a particular case of a conjecture of King, together with a descrip- 
tion of the total morphism algebra: 

Theorem 1.1. Any two-dimensional smooth toric weak Fano stack has a full strong ex- 
ceptional collection consisting of line bundles, such that the total morphism algebra of the 
collection is isomorphic to the path algebra of a quiver with relations associated with a 
consistent dimer model and a perfect matching on it. 

The original conjecture of King |Kin97l Conjecture 9.3] states that a smooth complete 
toric variety has a full strong exceptional collection consisting of line bundles. This is 
shown to be false by Hille and Perling |HP06j . who subsequently gave a necessary and 
sufficient condition for a smooth complete toric surface to have such a collection [HPJ. 
Kawamata [Kaw06j shows that a smooth projective toric stack has a full exceptional col- 



lection consisting of sheaves. Borisov and Hua [BH09] suggested to extend the conjecture 
to stacks, with an additional assumption that the toric stack be weak Fano, and proved it 
for toric Fano stacks of Picard number or dimension at most two. This modified conjec- 
ture turned out to be false by Efimov |EfilO] . A fine moduli interpretation of any smooth 
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projective toric varieties, which was one of the original motivations of King, is obtained 
by Craw and Smith [CS08J. The concept of dimer models and the idea to use them to 
construct full strong exceptional collections on toric surfaces came from string theorists; 
see e.g. |FHM+06l lFHV+061 iFVOHl IHHV061 IHK05] and references therein. 

The organization of this paper is as follows: We collect basic facts on line bundles on 
toric stacks in Section El and basic definitions on dimer models in Section [3j The relation 
between exceptional collections, tilting objects and derived equivalences is summarized in 
Section HI We recall the main result of |IUj in Sectional A tilting object on the total space 
of the canonical bundle of a toric weak Fano stack will be constructed in Section [6j which 
will be restricted to the image of the zero-section to produce a full strong exceptional 
collection in Section [71 In Section El we use the same idea as in Section [7] to give a 
description of the derived category of coherent sheaves on the union of toric divisors in 
M.Q in terms of a dimer model. 
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work is done while K. U. is visiting the University of Oxford, and he thanks the Mathe- 
matical Institute for hospitality and Engineering and Physical Sciences Research Council 
(EP/F055366/1) for financial support. 



2 Line bundles on toric stacks 

We recall the definition of toric stacks from |BCS05j . Let N be a free abelian group of 
rank n. Note in [BCS05J N is allowed to have torsions so that the associated stack may 
have generic stabilizers but we consider the torsion free case in this paper. A stacky fan 
£ = (£, {vi} r i=l ) consists of a fan E in iV R = N ® M and the set {vi} r i=l of generators 
of one- dimensional cones in S. The toric stack associated with S is defined as the 
quotient stack 

X s = [(C7\Si?(£))/^], 

where the Stanley-Reisner locus SRiT,) consists of points (z±, . . . , z r ) such that there is 
no cone in E which contains all for which Zj = 0, and 

K = Ker(0®C x ) 

is the kernel of the tensor product with C x of the map <ft '■ A = U — > N sending the i-th 
coordinate vector to t>j for i — 1, . . . , r. We sometimes write 

Uv = C r \ SR{Z) 

so that 

X s = [Uz/K\. 

It follows from the definition that the category of coherent sheaves on Xs is equivalent 
to the category of K-equivariant coherent sheaves on U^; 

cohX s = coh x [/ s . 
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Let M = Hom(iV, Z) and M = Hom(iV, Z) be the abelian group dual to iV and N 
respectively. The tori T = SpecC[M] and T = SpecC[M] act naturally on Xs and Ux, 
and the category of T-equivariant coherent sheaves on Xs is equivalent to the category 
of T-equivariant coherent sheaves on U^; 

coh T X s = coh f C/ s . 

As a smooth toric variety, Pict/^ is generated by invariant divisors A = {zi = 0}, which 
are clearly trivial. Hence one has 

Pic T X s S Hom(f,C x ) = M. 

The Picard group of X s can be calculated using the exact sequence 

1 Hom(T,C x ) Pic T X s PicX s 1. 

The divisor A = {z^ = 0} naturally corresponds to the z-th coordinate vector in M, 
which defines a line bundle 0(A) E Pic T Xs- Its image in PicX^ will again be denoted 
by 0(A)- Any line bundle C E Pic T X s can be represented as O(D), where D = (/) is 
the divisor of any T-invariant rational section 

fE (C[zt\...,z?]®C) f , 

which is unique up to scalar multiples. 

The cohomology of T-equivariant line bundle is given as follows: 

Proposition 2.1. Let E be a simplicial stacky fan and 0(D) be the T-equivariant line 
bundle associated with a divisor D = ^21=1 a i^%- Then the T-invariant part of the coho- 
mology group of O(D) is given by 

fl?(X s ,0(I>))Sfl|(|E|), 

where |E| is the support of the fan E underlying the stacky fan E, 

t/j D : |E| — >• R 

is the piecewise-linear function which is linear on each cone of E satisfying 

^D{Vi) = Oj, 

and 

Z = {x E |E| | ip D (x) > 0}. 

See e.g. |Ful93| Section 3.5] for a proof of Proposition 12.11 The cohomology group of 
a line bundle C on Xs is the direct sum 

fP(X s ,£)= fl?(Xsj,0(£>)) 

D:C^O(D) 

over the set of toric divisors D such that £ = O(D), which is a torsor over the lattice M. 
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3 Dimer models 



A dimer model is a bicolored graph on a torus T = M 2 /Z 2 consisting of a set B C T 
of black nodes, another set W C T of white nodes, and a set £7 of edges consisting of 
embedded line segments connecting vertices of different colors. 

A connected component of the complement T \ E is called a face of the graph. A 
bicolored graph on T is said to be a dimer model if any face is simply-connected. We only 
deal with dimer models satisfying a consistency condition described in [IUIO^ Definition 
3.5]. See also [MR101 IDav| IBro} IBocb] for more about consistency conditions of dimer 
models. Mathematical literature on dimer models also includes [Sze08[ INN] Naga Nagb , 
I5ti06l ISti08l I5tl09l IStiTOl lMoz091 IBM] . 

A quiver consists of a set V of vertices, a set A of arrows, and two maps s, t : A — > V 
from A to V. For an arrow a G A, s(a) and t(a) are said to be the source and the target 
of a respectively. A path on a quiver is an ordered set of arrows (a n , a n _i, . . . , ai) such 
that s(cij + i) = t(ai) for i = 1, . . . , n — 1. We also allow for a path of length zero, starting 
and ending at the same vertex. The path algebra CQ of a quiver Q = (V, A, s, t) is the 
algebra spanned by the set of paths as a vector space, and the multiplication is defined 
by the concatenation of paths; 



(b m , . . . ,&i) • (a n , ...,a 1 ) 



(b m , . . . , bi, a n , . . . , a x ) s(b x ) = t(a n ), 
otherwise. 



A quiver with relations is a pair of a quiver and a two-sided ideal X of its path algebra. 
For a quiver T = (Q,T) with relations, its path algebra Cr is defined as the quotient 
algebra CQ/Z. 

A dimer model G = (B,W,E) encodes the information of a quiver T = (Q,T) with 
relations in the following way: The set V of vertices of Q is the set of faces of the graph, 
and the set A of arrows of Q is the set E of edges of the graph. The directions of the 
arrows are determined by the colors of the vertices of the graph, so that the white vertex 
w G W is on the right of the arrow. In other words, the quiver is the dual graph of the 
dimer model equipped with an orientation given by rotating the white-to-black flow on 
the edges of the dimer model by minus 90 degrees. 

For an arrow a G A, there exist two paths p + (a) and p_(a) from t(a) to s(a), the 
former going around the white vertex connected to a G E = A clockwise and the latter 
going around the black vertex connected to a counterclockwise. Then the ideal X of the 
path algebra is generated by p+(a) — P-{a) for all a G A. 

A perfect matching (or a dimer configuration) on a dimer model G = (B, W, E) is a 
subset D of E such that for any vertex v G BUW, there is a unique edge e G D connected 
to v . The two-sided ideal of Cr generated by arrows a in D C E = A will be denoted by 
Id- 



4 Exceptional collections and tilting objects 

Let X be a smooth stack and T = D b coh X be the derived category of coherent sheaves 
on X. 

Definition 4.1. 
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1. An object E of T is acyclic if Ext fc (£, E) = for fc ^ 0. 

2. An acyclic object is exceptional if End(.E) is spanned by the identity morphism. 

3. A sequence (E\, . . . , E n ) of exceptional objects is an exceptional collection if Ext k (E il Ej) = 
for 1 < j < i < n. 

4. An exceptional collection {E\, . . . , E n ) is strong if Ext fc (i?j, £y) 7^ implies k = 0. 

5. An exceptional collection is /itZZ if it generates T as a triangulated category. 

6. An object V is a generator if IRHomfV, X) = implies X = 0. 

7. An acyclic generator is called a tilting object. 

Note that a sequence (J5i, . . . , E n ) of line bundles on a smooth proper stack is a full 
strong exceptional collection if and only if V = ©™ = i -E? is a tilting object. The algebra 
End(V) = ©™ J=1 Hom(£'j, is called the total endomorphism algebra of the collection. 
It is a finite-dimensional algebra which can be described as the path algebra of a quiver 
with relations. 

A tilting object induces a derived equivalence; 

Theorem 4.2 ( |Ric89[ lBon89j). If a smooth stack X has a tilting object V, then the 
functor 

RHom(y, •) : D b coh X ->■ D b mod End( V) 
induces an equivalence of triangulated categories. 

5 A tilting bundle on a smooth toric Calabi-Yau 3- 
fold 

Let {v i}l = i be a set of points on a lattice N of rank two, and S = (S, {vi} r i=1 ) be a 
two-dimensional complete stacky fan whose two-dimensional cones are 

~di = R+Vi + R+Vi+i, i = 1, . . . , r, 

with v r+ i = Vi. The toric stack X^- associated with S is a weak Fano stack if and only if 
all the Vi are on the boundary of the lattice polygon 

A = Conv{^}[ =1 

defined as the convex hull of {i>j}£ =1 . The torus SpecC[M] acting on X^- will be denoted 
by T, where M = Hom(X, Z). Let 

p : X s -> X^ 

be the total space of the canonical bundle of Xjj. The stacky fan S corresponding to 
the total space of the canonical bundle is given by (S, {vi}l =0 ), where the generators of 
one-dimensional cones are given by 

wo = (0,0,1), Vi = (vi,l), i = l,...,r 
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and three-dimensional cones of £ consists of 



Oi = R + Vi + R + v i+1 + R+v , i = 1, . . . , r. 

We write the lattice containing E and its dual as N and M respectively. Let T = 
Spec C[M] be the torus acting on Xj. The toric divisor associated with the one-dimensional 
cone generated by Vi will be denoted by D.;. 

Let R = £f°((9x s ) be the coordinate ring of the three-dimensional affine toric variety 
associated with the cone over A. The following are shown in [IU08[ HUj : 

• There is a consistent dimer model G = (B,W,E) on T = (M <g> R)/M such that 
the moduli space Aig of ^-semi-stable representations of T with dimension vector 
(1, . . . , 1) is a crepant resolution of Speci? where 9 is a generic stability parameter 
for the quiver V with relations associated with the dimer model G. 

• For a prime toric divisor D in Ate, there is a perfect matching, which we write D 
again by abuse of notation, such that the divisor is the zero locus of the arrows 
contained in the perfect matching. 

• For any perfect matching D on G, there is a stability parameter 9 such that D 
corresponds to a prime toric divisor on Ate- 

• The tautological bundle 

V = 0A, 

on M.g is a tilting object in D h coliAie such that 

End V = Cr. 

The fan describing the toric variety Aie is a refinement of the fan consisting of the cone 
over A and its faces, and will be denoted by S. The perfect matchings corresponding to 
Vi for i = 0, . . . ,r will be denoted by Di. The generators of the one-dimensional cones of 
E which does not belong to £ will be denoted by f r +i, • • • , v?, and the corresponding toric 
divisors will be written as D r+ i, . . . , D?. A perfect matching which is not on a vertex of A 
depends on the choice of 9 |IU] Proposition 6.5]. A perfect matching which corresponds 
to vq under some stability parameter 9 is called a central perfect matching. 

6 A tilting bundle on the canonical bundle 

Let 

cp : X s -> A s 

be the natural morphism from a stack to its coarse moduli space, and 

be a crepant resolution. Let further Xg be an arbitrary crepant resolution of Spec R, so 
that Xs and Xg are isomorphic in codimension one. 
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For a line bundle C on Xg, let CJ be its proper transform on X s , 

l = (<pxy 

be the reflexive sheaf of rank one on X^ obtained as the double dual of the direct image 
of and 

C = (<p*L) vv 

be the line bundle on X s obtained as the double dual of the pull-back of L to X s . If C 
is isomorphic to O x ~(D) for a divisor D = X][=o a ^> then ^ * s isomorphic to Xs (D) 
where D = YH=o a i^i * s obtained from D by forgetting the toric divisors contracted by 
if, and C is isomorphic to (9x s (D) where D = YH=o a «Dj is the pull-back of D by ip. 

Lemma 6.1. The spaces of global sections of C, C! , L and C are related as follows: 

tf°(Xg, C) = H°(Xv, C) C tf°(X s , L) = tf°(X s , £). 

Moreover, if if°(Xg, C) is a relfexive R-module, then the inclusion in the middle is an 
isomorphism. 

Proof. The first equality follows from the fact that Xg and X s are isomorphic in codi- 
mension one. The inclusion (p*jC' C L implies H°(X^, C) C iJ°(Xs,L). Since both L 
and (p*£ are reflexive, the inclusion L <— >■ is an isomorphism and the second equality 
follows. Finally, the four spaces have structures of torsion free i?-modules which coincieds 
on the smooth locus of Speci?. Therefore, the reflexivity assumption implies the last 
assertion. □ 

The description of the cohomology of a T-equivariant line bundle on Xg admits the 
following simplification in the present situation: Let D = YH=o a i^i t> e a toric divisor on 
Xg and ip D : |E| — > 1R be the piecewise-linear function associated with D. Put 



and 
where 

Then one has 



A = |E| n (R 2 x {1}) 

z = zn A, 

Z = {x e |E| | %p D (x) > 0}. 



H^O{D)) = mn) = H^) 

since everything is linear on the third coordinate. 

The cohomology of a T-equivariant line bundle on Xs has an analogous description, 
which can be simplified further as follows: For a toric divisor D = X]i=o a *Dj on X^, let 
sgn(D) = (sgna ;sgnD) = (sgna ; sgnai, . . . , sgna r ) be the sequence of the signatures 
of the coefficients of D, where 



sgn a = 



+ a > 0, 
- a < 0. 



8 



Consider sgn(D) as a cyclic sequence. A — -interval in sgn(D) is a succession of — bounded 
by one + and the next +. Then it follows from Proposition 12.11 that 



rank#°((9(D)) 

rank#J(0(D)) 
rank #2 (0(D)) 



1 sgn(D) = (+; + •••+), 
otherwise, 

sgna = - or sgn(D) = (+; H h), 

— intervals} — 1 otherwise, 

1 sgn(D) = (+; ), 

otherwise. 



Proposition 6.2. Assume that a line bundle C and its dual £ v on are acyclic. 

1. H°(jC) is Cohen- Macaulay and hence reflexive as an R-module. 

2. Assume further that C satisfies the following condition: 

if one has sgna; = sgnaj = — where the line segment \vi,Vj] be- 
(*) tweenvi andvj lies on the boundary of A, then sgna^ = — for any 
k such thatiik G fui,^]. 

Then the corresponding line bundle C on Xs is acyclic. 

Proof. The first statement follows from arguments in |TU10t Proposition A. 2] as follows: 
Since R is Gorenstein and / is crepant, we have f l R = Ox~- Then the Grothendieck 
duality for / and the acyclicity of C impliy 

Hon4(#°(£), R) - Hon4_(A f R) - Hom^(£, X -), 

which is for i ^ by the acyclicity of £ v . This implies that H°(C) is a Cohen-Macaulay 
-R-module, and therefore is reflexive since dimi? > 2. 

For the second statement, first assume that H^(0(D)) ^ 0. Then one has sgn(D) = 
(+; • — ) so that 

^dU(^) < 

for any v G OA. It follows that dA C A \ Z and vq G Z, which implies 

H 2 T {X^ C) = H^{A) = H\A\Z)^ 0. 

Next assume that Hj(0(D)) ^ 0, which implies that sgnao = + and there are more 
than two — intervals in sgn(D). If O(D) is acyclic, then A \ Z is connected (and simply- 
connected). Now consider the toric divisor 



D v = Y^(-a t - 1)A 



i=0 

which satisfies 



0{D y ) = O(-D) 
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as a non-equivariant line bundle (the subtraction of one from all the coefficients of D v 
corresponds to a change of a T-linearization) . Put 

~Z y := {x e A | ip 5v (x) > 0} = {x e A | ip 5 (x) < -1}. 

Then Z is a deformation retract of A \ Z W . Now the condition that £ v is acyclic implies 
that A \ Z and therefore Z are connected, which contradicts the connectedness of A \ Z 
and the existence of multiple connected components of dA PI (A \ Z). □ 

Lemma 6.3. Let C v and C w be the tautological bundles on the moduli space Ai$ of quiver 
representations associated with a consistent dimer model with generic stability parameter 
9 and put L = CY <E> C w . Then £ satisfies the condition (*) in Proposition \ 6.°A where 
X g = M e . 

Proof. It follows from [IU] that the union Ud£[5J v]^ °^ P er f ec t matchings on the line 
segment [t>j, vf\ C OA is the union of isolated edges with the zig-zag paths corresponding 
to these line segments dividing the torus Mg/ M into strips, and the open subscheme U 
of the moduli space Aig = Xg consisting of quiver representations such that any arrow 
not in UdgP^ v-\ ® ls non-zero is isomorphic to the product of the moduli space AT of 
representations of the McKay quiver of type A n in dimension two and a one-dimensional 
torus; 

U = Af x C x . 

A tautological bundle C v on Aig restricts to the outer tensor product C' v IEI 0£ of a 
tautological bundle C' v on Af and a trivial bundle on C x . Since the line bundle (C v ) y ®C' W 
on Af is acyclic, the proof of Lemma 16.31 reduces to Lemma 16.41 below. □ 

Lemma 6.4. Let £ be a two-dimensional fan whose two-dimensional cones are given by 

R + t> j + R + v i — 0, 1, . . . , n 

where 

Vi = (i, 1) e N = Z 2 . 

Let 

n 

be a divisor on where Di is the toric divisor associated with the one- dimensional cone 
o/S generated by v^. If a line bundle O(D) is acyclic and the signatures of a and a n are 
negative, sgn(a ) = sgn(a n ) = — , then the signatures of all the aj are negative. 

Proof. This is a corollary of the following fact, which in turn follows immediately from 
Proposition 12.11 Hj(0(D)) = for any divisor D, and Hj(0(D)) is the number of 
— intervals minus one if there is any, and zero otherwise. □ 

Now by applying Lemma 16.11 and Proposition 16.21 to <S> C w for tautological bundles 
C v and C w , one shows that V = 0^ C v is an acyclic bundle satisfying 

End(V) = CT. 

The following definition is due to Bezrukavnikov and Kaledin: 
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Definition 6.5 ([BK04, Definition 2.1]). A non-zero object of an abelian category is 
almost exceptional if Ext l (M, M) = for % > and the algebra End(M) has finite 
homological dimension. 

The equivalence 

D b cohM e = Z^modCr. 

implies that CT has finite homological dimension. Then the acyclicity of V and the 
isomorphism 

End(v) = cr 

shows the following: 

Lemma 6.6. The vector bundle V on Xs is almost exceptional. 

The proof of [BKR01, Lemma 4.2] actually shows the following slightly stronger state- 
ment: 

Lemma 6.7. The derived category of coherent sheaves on a smooth Deligne-Mumford 
stack without a generic stabilizer is indecomposable. 

There is a morphism 

7r : X s —> Spec R. 

Since R is Gorenstein, Xs is smooth and the morphism ir is crepant, the Grothendieck 
duality implies that the identity functor is a Serre functor of D b coh Xs with respect to 
R, in the sense that there is a functorial isomorphism 

RHom i? (R7r,M^om Xs (J r ,^), J R) = E7r*M Hom^ (9, J 7 ) 

satisfying the compatibility conditions in |BK89j . This suffices to show the following: 

Theorem 6.8. The functor 

$ = RHom(V, •) : D 6 cohX s -> D b mod CT 

is an equivalence of triangulated categories. 

Proof. The proof is completely parallel to [BK041 Proposition 2.2]: The functor $ has a 
left adjoint 

^ = . ® cr V : D^modCr -> D 6 cohX s , 
which produces a semiorthogonal decomposition 

£> 6 cohX s = (C,^), (6.1) 

where C is the essential image of \I/ and C x is the right orthogonal of V. The i?-Calabi- 
Yau property of -D b cohXs implies that (16. lft is an orthogonal decomposition, and the 
indecomposability of D b coh Xs shows that C L is empty. □ 
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7 A tilting bundle on a toric weak Fano surface 



We use the same notation as in the previous sections. 

Lemma 7.1. IfV be a tilting object on Xs which is a direct sum of line bundles, then 
the restriction 

8 = i*V 

ofV by the zero-section 

i:Xj^X s 

is again a tilting object. 

Proof. 8 is a generator since it is the restriction of a generator to a closed subscheme. 
Vanishing of higher Ext-groups Hom >0 (£, 8) follows from that of Hom >0 (V, V) by 

Hom*(V, V) = Rom*(p*8,p*8) 
= Horn* (8, p*p* 8) 
= Hom*(£,£®p*0xj 

oo 

= Hom*(£,£®0/C^" ) ), 

n=0 

where /Cx^ is the canonical sheaf of X^ and the isomorphism V = p*8 comes from the 
assumption that V is a direct sum of line bundles. □ 

Note that the existence of a tilting object in L> fe cohX^ which is a direct sum of line 
bundles is equivalent to the existence of a full strong exceptional collection consisting of 
line bundles. 

Theorem 7.2. Let Do be an arbitrary central perfect matching. Then there is a full 
strong exceptional collection on X^j consisting of line bundles such that the total morphism 
algebra satisfies 

End(£) = Cr/X Do . 

Proof. Choose a generic stability parameter 9 such that D is ^-stable as in [IU081 Lemma 
6.2]. Then we can apply Theorem 16.81 and Lemma [7.11 to see that the restrictions of C v 
form an full strong exceptional collection. 

To obtain the description of the endomorphism algebra End(£) of £, first note that 
End(£) is the quotient of End(V) by the ideal generated by sections vanishing at the 
toric divisor D , which is the image of the zero-section i : — > X^. Now the theorem 
follows from the following facts, which are obvious: 

1. An element of End(V) vanishes on the divisor D in X^ if and only if it vanishes 
at the generic point of D . 

2. This is equivalent to the vanishing of the corresponding element of End(V) at the 
generic point of D C Aig. 

3. A path of the quiver gives an element of End(V) vanishing on Dq if and only if it is 
contained in Ijj . 
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□ 



Remark 7.3. It follows from Theorem 17.21 that the derived categ ory D b modCr/XD of 
modules over CT/X Do does not depend on the choice of a central perfect matching D . 
Osamu Iyama pointed out that this result also follows from the theory of 2-APR tilting 

Remark 7.4. The collection of line bundles obtained in Theorem 17.21 is not only a full 
strong exceptional collection but satisfies the condition that the rolled-up helix algebra 

n oo 

■4=0 0Hom^,^®/Cl^) 

i,j=l k,n=0 

is concentrated in k = 0. The converse statement that any collection of line bundles 
satisfying this condition comes from a dimer model is an immediate consequence of the 
main result of Bocklandt |Boca] (cf. also |Bocc| Theorem 3.7]). Indeed, given such a 
collection (E\, . . . , E n ), one has A = Endx s (©P*-E«) where p : Xs — > is the canonical 
bundle of X^j. Then it is a toric non-commutative crepant resolution of the coordinate 
ring R = H (O^_ s ) of the affine toric 3-fold obtained by contracting the zero-section by 
[TU10L Proposition A.2]. 

8 A tilting bundle on the union of toric divisors 

Let Y = M.q be the smooth toric Calabi-Yau 3-fold obtained as the moduli space of 
representations of the quiver with relations associated with a consisteint dimer model 
G = (B, W, E) and V be the tilting object on Y obtained as the direct sum of tautological 
line bundles as in Section [TJ For a vertex v G V of the quiver (V, A, s, t) associated with 
G, the small cycle u v G CT is defined as u v = p+{a) ■ a, where a is any arrow such that 
s(a) = v. Let further W = Y2 v ev Uv ^ e ^ ne cei] krdA element of A = CT obtained as the 
sum of the small cycles co v starting from each vertex v G Qo, and Aq = A/{W) be the 
quotient ring by the two-sided ideal generated by W . Since the center of A = End(V) 
is isomorphic to R = H°(Oy), the element W defines a regular functionon on Y. Let 
i : Yq Y be the inclusion of the zero locus of W, which is the union of toric divisors. 

Lemma 8.1. The restriction Vq = l*V is a tilting object in -D 6 cohYo; whose endomor- 
phism algebra is isomorphic to Aq. 

Proof. Vo is a generator just as in Lemma [7.11 One has 

MHomy (V , Vo) = Mr(V v ® V ) 

= RT{l,l*(V v ®V)) 

= MX{V V ®V^> V V ®V}) 

= {End(V) End(V)} 

which shows that End(V ) = End(V)/W / End(V) and Extt (V , V ) = for i > 0. □ 
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Since a tilting object induces an equivalence of bounded derived categories (see e.g. 
|TU10t Lemma 3.3] for a proof without smoothness assumption), we have the following: 

Corollary 8.2. The functor 

$ = MHom(V , •) : D b coh Y -> D b mod A 

is an equivalence of triangulated categories. 

The bounded stable derived category of Yq is the quotient category 

D b s . mg (Y )=D b cohY /perfY . 

of the bounded derived category of coherent sheaves on Yq by the full subcategory consist- 
ing of perfect complexes (i.e. bounded complexes of locally- free sheaves). The bounded 
stable derived category of Aq is defined similarly as the quotient category 

D b mg (A ) = £> 6 mod.4o/perL4Q 

of the bounded derived category D b modAo of finitely-generated right *4 - m °dules by 
the full triangulated subcategory perL4 consisting of perfect complexes (i.e. bounded 
complexes of projective modules). Since perfect complexes are characterized in a purely 
categorical way as homologically finite objects [Orl06] (i.e. objects A such that for any 
object B, the group Hom(v4, B[i\) is trivial for all but a finite number of i G Z), an equiv- 
alence of bounded derived categories induces an equivalence of bounded stable derived 
categories: 

Corollary 8.3. One has an equivalence 

-^sing(^o) — -Dsing(A)) 

of triangulated categories. 

Stable derived categories are introduced by Buchweitz [Buc87] motivated by the theory 
of matrix factorizations by Eisenbud |Eis80j . They are rediscovered by Orlov |Orl04] under 
the name triangulated categories of singularities following an idea of Kontsevich, and plays 
essential role in homological mirror symmetry. In particular, the stable derived category 
D b ing (Y Q ) is expected to be equivalent to the derived category of the wrapped Fukaya 
category of an affine curve (see |AAE + j and references therein). On the other hand, the 
stable derived category can be regarded as the derived category of a curved algebra (i.e. a 
pair of an algebra and its central element, cf. e.g. |Posj ) . and the curved algebra (CT, W) 
is the colimit of the following covariant functor J 7 from the category C to the category of 
curved algebras: A dimer model gives a one-dimensional CW complex with nodes as 0- 
cells and edges as 1-cells, and the category C is the category whose objects are open stars 
of 0-cells and 1-cells and whose morphisms are inclusions. In other words, the category C 
has nodes and edges as objects, and there is a unique non-identity morphism e — > n for 
each adjacency of an edge e G E and a node n G B U W . The functor J 7 sends an edge 
e G E to the curved algebra J-(e) = (A e , W e ) consisting of the path algebra A e of the 
cyclic quiver s e t e s e with two vertices s e , t e and two arrows a e , p e and the central 
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element W e = a e -p e +p e - a e . For a node n, let (e , . . . , e r ) be the set of edges adjacent to 
n, ordered clockwise if n £ B and counter-clockwise if n e VK. Then the value .F(n) for 
a node n is the curved algebra (A n , W n ) consisting of the path algebra A n of the cyclic 
quiver 

S 6 g t Z eo S ei r Z £l S e2 t • • • T Z £r S eo 

with r + 1 vertices and r + 1 arrows and the central element 

r 
i=0 

For each adjacency — > n, the map T{e.i —> n) : J-(ej) — > ^"(n) sends a 6i and p 6i in A £i 
to a ei and a ei _! ■ ■ • a eo a er • ■ ■ a ei+1 in respectively. It is an interesting problem to relate 
this to an idea of Kontsevich |Kon] to describe the Fukaya category of a Stein manifold 
in terms of a constructible sheaf of dg categories on its Lagrangian skeleton. 
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